In this work, we aim to apply a reliable analytic algorithm based on homotopy perturbation Sumudu transform method (HPSTM) to examine the nonlinear time-fractional coupled Burger's equations. The approximate analytical solution and some numerical examples show the accuracy and e ciency of the proposed method, which is simple and accurate in comparison to the Adomain decomposition method (ADM), homotopy perturbation method (HPM) and generalized di erential transform method (GDTM).
Introduction
Fractional calculus is the three centuries old as the conventional calculus, but not very popular amongst science and engineering community. In a letter dated 30 th September (1695), L'Hopital wrote to Leibniz, the idea of fractional-order derivative arises. In (1812), P.S. Laplace de nes a fractional derivative of arbitrary order appeared in Lacroix's writings. In recent years, fractional partial differential equation has been contributed in various elds of science and engineering [1] [2] such as physics, control theory, biomedical engineering, nance [3] and biology [4] . The theory of fractional di erential equation exAmit Prakash, Department of Mathematics, National Institute of Technology, Kurukshetra-136119, India, E-mail: amitmath0185@gmail.com, amitmath@nitkkr.ac.in Vijay Verma, Department of Mathematics, D. B. G. Government College, Panipat-132103, India, E-mail: vijay_mtech21@redi mail.com *Corresponding Author: Devendra Kumar, Department of Mathematics, JECRC University, Jaipur-303905, Rajasthan, India, E-mail: devendra.maths@gmail.com Jagdev Singh, Department of Mathematics, JECRC University, Jaipur-303905, Rajasthan, India, E-mail: jagdevsinghrathore@gmail.com plains the natural phenomena in a better and systematic manner. Many authors illustrated various techniques such as Adomain decomposition method [5] [6] [7] , nite di erence method [8] , generalized di erential transform method [9] , Finite element method [10] , fractional di erential transform method [11] , Homotopy perturbation method [12] , homotopy perturbation transform method [13] , various iterative methods [14] ,variational iteration method [15] , homotopy analysis method [16] , di erential quadrature method [17] , etc. Very recently Singh et al. [18] proposed homotopy perturbation Sumudu transform method (HPSTM), which is the coupling of Sumudu transform, Homotopy perturbation transform and He's polynomial. He's polynomial which gives re ned convergent series solution. The HPSTM was successfully applied to examine fractional gas dynamics equation [19] and fractional multi-dimensional di usion equations [20] . The HPM was in rst time proposed by He's [21] , which is a combination of traditional perturbation method and homotopy in topology [22] . Burger's equations are formulated by Johnannes Martinus Burger's [23] , which was derived by qualitative approximation of Navier Stoke's equation. Burger's equation is one of the fundamental tools of the nonlinear di usion and dissipation phenomena such as shock wave theory, unsaturated oil, approximation theory of ow, dynamics of soil in water, cosmology and seismology, and nonlinear kinematics wave of debris ow. Numerical solution of coupled Burger's equation was obtained by putting up the Adomain-pade technique [24] , homotopy analysis method [25] , q-homotopy analysis transform method [26] , fractional variational iteration method [27] , Elzaki homotopy perturbation method [28] , homotopy perturbation method [29] and generalized di erential transform method [30] . Fractional calculus and related issues have been studied by many authors due to its wide applications in physics, chemistry, biology, engineering, etc. [31] [32] [33] [34] [35] [36] [37] [38] .
In view of great importance of di erential equations, we examine the fractional coupled Burger's equation by using HPSTM in this paper. It would be worth noting that Sumudu transform has some interesting advantages over other existing integral transforms, especially the 'unity' feature which could come up with convenience when we derive the solutions of fractional or integer order di eren-tial equations. The organization of this paper is as follows: Section 2 presents the basic theory of Sumudu transform and fractional calculus. Basic solution procedure of HP-STM is provided in section 3. Numerical experiments for fractional coupled Burger's equations are presented in section 4. Section 5 is dedicated to numerical result and discussion and nally in section 6, conclusion of the results is drawn.
Basic theory of Sumudu transform and fractional calculus
In this section, we will introduce the basic de nitions and properties of Sumudu transform and fractional calculus used to describe the proposed schemes. De nition 2.1. The Sumudu transform [36] is de ned over the set of function
by the following formula
The further basics results and properties of this integral transform were investigated by Belgacem et al. [40] and Belgacem and Karaballi [41] . De nition 2.2. The Sumudu transform of Caputo fractional derivative is de ned as [42] :
De nition 2.3.
A real function f (t), t > is said to be in the space Cα , α ∈ R, if there exists a real number p,
De nition 2.4. The Riemann-Liouville fractional integral of order α ≥ , [43] [44] [45] [46] of a function f (t) ∈ C β , β ≥ − is de ned as:
where Γ. is the well known Gamma function.
De nition 2.5.
The Caputo fractional derivative of [43] [44] [45] [46] is de ned as:
The operator D α has following basic properties:
, m > .
Hybrid homotopy perturbation Sumudu transform method (HPSTM)
In this section, we present the solution process of proposed technique to illustrate the basic idea of the HPSTM for the nonlinear time-fractional coupled partial di erential equations. We consider the following nonlinear timefractional coupled partial di erential equation
along with initial condition
In the above Eqs. Applying Sumudu transform on both sides of Eqs. (1) and (2), we get
S[D α t U(x, t)] + S[RU(x, t)] + S[NV(x, t)] = S[f (x, t)], (3)

S[D β t V(x, t)] + S[RV(x, t)] + S[NU(x, t)] = S[g(x, t)]. (4)
Now, using the property of Sumudu transform on the Eqs. (3) and (4), we obtain
Operating the Sumudu inverse transform on the both side of Eqs. (5) and (6), we get
where H(x, t) and K(x, t) represent the term arising from source term and prescribed initial conditions. Now, we apply the HPM, the solution can be expressed as a power series in p as given below
where p is a small homotopy parameter (p ∈ [ , ]). The nonlinear term can be decomposed as
where He's polynomials Hn(U) and H n (V) can be calculated by the following formula
where n = , , , , . . ..
where n = , , , , . . .. Which is the mixture of Sumudu transform and HPM using He's polynomial. By comparing the coe cient of like power of p on both sides, we get the following approximations
Similarly, we can calculate
Finally, we approximate the analytical solution by the series
Numerical Experiments
In this section, we apply the proposed technique to some test examples. Example 1. Consider the following time-fractional ( + )-dimensional coupled Burger's equation
along with initial conditions U(x, ) = sin x, V(x, ) = sin x for the standard case when α, β = , the exact solutions of (18) and (19) is U(x, t) = V(x, t) = e −t sin x.
On applying the HPSTM to solve above coupled equations, we get the following successive approximations
, It can be observed from the numerical results that HPSTM works very well for this problem, though third-order approximate solution is used. We can improve the exactness by using higher-order approximate solutions. Numerical results for di erent particular cases of α and β is shown in Fig. 1 . Table 1 shows the comparison of absolute error among HP-STM, ADM, GDTM, HPM when α = and β = . From Table 1 it is clear that proposed method is accurate and ecient among them.
Example 2. Consider the following time-fractional ( + )-dimensional Coupled Burger's equations
along with initial conditions
where U(x, y, t) and V(x, y, t) are the velocity component in respect to x-axis and y-axis and Re is the Reynolds's number. Fix Re = , apply HPSTM to above said example, we get the following approximations
Therefore, we have the solution of above de ne problem as follows
Un(x, y, t)
Vn(x, y, t)
If we take α = then the solution of above equation become
U(x, y, t)
This is the exact solution of two dimensional Burger's model.
Numerical results for di erent value of (x, y) presented in the form of Table 2 
Numerical results and discussion
In this section, Fig. 2 shows the accuracy and e ciency of the HPSTM, which is almost identical with the exact solution for Ex. 1. Fig. 3 shows the 10 th order approximate solution of nonlinear time-fractional ( + )-dimensional coupled Burger's equation for α = β = . , . , . , . , for Ex. 1. It is clear from Fig. 3 that 'solution depends on the values of the time-fractional derivative. Fig. 4 shows the comparison of 10 th order approximate solution by HPSTM and the exact solution of nonlinear time-fractional ( + )-dimensional coupled Burger's equation with (x, y) = ( . , . ) for Ex. 2. It is found from Figs. 2 -4 that proposed scheme is e cient and highly accurate as compared to other methods. 
Conclusion
In this paper, we have successfully applied HPSTM to obtain the approximate analytic solutions of ( + )-dimensional and ( + )-dimensional time-fractional coupled Burger's equations. The plotted graph and numerical result shows the convergence of HPSTM. We observed the excellent agreement between HPSTM and the exact solution. Therefore, HPSTM can be further applied to solve var- ious types of nonlinear fractional partial di erential equations.
